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Abstract 

The existence of a ground state of the Nelson Hamiltonian with perturbations 
of the form Y2j=i c j4^ with C4 > is considered. The self-adjointness of the 
Hamiltonian and the existence of a ground state are proven for arbitrary values 
of coupling constants. 

<N ■ 1 Introduction 

The Nelson model introduced in [21] describes iV-quantum mechanical particles coupled 
to a scalar bose field. Let a; be a boson dispersion relation which describes the energy of 
a single boson. Then the free field Hamiltonian Hf is given by the second quantization 
of u: 

H f = dT(u). (1.1) 

Let K = —A + V be a Hamiltonian of a quantum mechanical particle. Then the 
standard Nelson Hamiltonian is formally given by 

H Nelson = K + H{ + a(j)(p). (1.2) 

Here a is a coupling constant and 0(p) a field operator smeared by a test function p. 
We consider the Nelson model with <j)(p) replaced by the singular perturbation: 

4 

p(<p(p)) = Y, c Mpy (i-3) 

with C4 > 0. Thus the total Hamiltonian under consideration is 

H = K + H i + P(<p(p)) (1.4) 
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with the domain D(K)nD(H{)nD((j)(p) 4 ). We suppose that K has a compact resolvent, 
and V_y 2 is relatively bounded with respect to (—A) 1 / 2 , where V_ > is the negative 
part of V. 

We are concerned with the spectrum of H in the non-perturbative way. The bottom 
of the spectrum of a Hamiltonian is called a ground state energy, and a eigenvector 
associated with the ground state energy a ground state. We see that the bottom of the 
spectrum of K + iff is equal to the edge of continuum. Then it is not trivial to show 
the existence of ground state of H even when perturbations are not singular. 

The main result of this paper is to show (1) and (2) below: 

(1) H is self-adjoint and bounded from below; 

(2) H has a ground state for all p under some conditions. 

(Related models) We review here several models concerned so far, but this is 
incomplete list. 

[Nelson model] Bach-Frohlich-Sigal j5] show the existence and uniqueness of the 
ground state of some general scalar model for sufficiently weak couplings. This model 
includes the standard Nelson model. Spohn [23] proves however the existence of the 
ground state for the Nelson model for arbitrary values of coupling constants but if K has 
purely discrete spectrum. Gerard [9] also shows the similar result, but the method is 
different from [23] . Hiroshima and Sasaki [17] shows the enhanced binding of the many 
body Nelson model, i.e., the existence of ground states is shown for sufficiently large 
couplings but the existence of ground state of decoupled Hamiltonian is not assumed. 

The results mentioned above are proven under the so called infrared regularity 
conditions. Then the next task is to study the case of no infrared regularity condi- 
tions. Arai, Hirokawa and Hiroshima [I] show the absence of ground state of some 
abstract quantum field models without infrared regularity conditions. Lorinczi, Minlos 
and Sphon |19j . Derezihski and Gerard [8], and Hirokawa [16] prove that the Nelson 
Hamiltonian has no ground states if the infrared regularity condition is not assumed. 
Arai [3J shows however that the Nelson model without infrared regularity condition 
also has a ground state if a non-Fock representation is taken. See also [10J [11] for the 
Nelson model on a pseudo Riemannian manifold. 

[The Pauli-Fierz model] The Pauli-Fierz model is a quantum field model in 
nonrelativistic quantum electrodynamics. Its interaction is given by minimal coupling, 
and then the spectral analysis turns to be hard due to the derivative coupling. Bach, 
Frohlich and Sigal [6] prove the existence of ground state for sufficiently weak couplings 
but the infrared regularity condition is not assumed. This is large difference between 
the Nelson model and the Pauli-Fierz model. Griesemer, Lieb and Loss [H], and Lieb 
and Loss [18] show the existence of a ground state of the Pauli-Fierz Hamiltonian 
for arbitrary values of coupling constants under no infrared regularity condition. In 
[TU [TS], the binding condition is introduced to show the existence of a ground state. 
We extend this to the Pauli-Fierz model with a variable mass [15] . This method is also 
applied to the Nelson model by Sasaki [22]. 
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[Singular perturbations] The model under consideration in this paper is of the 
similar form of the (0 4 )2-model in quantum field theory. This model describes bosons 
with self-interaction in two dimensional space-time. Glimm and Jaffe [X2|IT3] considered 
the spectral properties of the (</> 4 )2-model. In this model, the dispersion relation is 
supposed to be strictly positive and the Hamiltonian is defined on a boson Fock space. 
Miyao and Sasaki [20] show the existence of the ground state for a generalized spin- 
boson model with 2 -perturbation, and it is not supposed that the particle Hamiltonian 
has a compact resolvent. Takaesu [21] shows the existence of a ground state for a 
generalized spin-boson model with a singular perturbation of the form ( 11. 3p but for 
sufficiently small coupling constants. 

(Strategy) As far as we know, it is new to show the existence of the ground state 
of (11.41) for all values of a coupling constant. Here we show an outline of our proofs. 

By making use of [lj, we can prove the essential self-adjointness of H. First we 
show that (f) 4 is relatively bounded with respect to H. This relative boundedness leads 
to the self-adjointness of (jl.4p . 

Next we show the existence of a ground state of H by means of [7J [9] for all values 
of coupling constants: We define the Hamiltonian H a , with the test function p replaced 
by p a = pl{ a <w(k)}i and we show the existence of a ground state of H a for all o > 0. 
We see that as a — > 0, a normalized ground state of H a weakly converges to a non-zero 
vector, which is then a normalized ground state of H. To show this it is sufficient to 
show the boson number bound and the boson derivative bound of a normalized ground 
state of H a . These are done in Lemmas 15.21 and 15.51 To show the boson derivative 
bound, we suppose the infrared regularity condition: 

tu-^su V \p(x,-)\EL\R d k ). (1.5) 

This infrared regularity condition is stronger than the standard infrared regularity 
condition: 

uj- 1 sup \p(x,-)\eL 2 (R d k ). (1.6) 

The condition (II. 5p is used to show the convergence: 

\\((E a -H a - uj(k))- 1 -(E-H- o;(A;))- 1 )p (T (A;)P / (0 CT )<l> (T || -> 

in L 2 as a — >• in Lemma 15.41 where $ CT is a ground state of H a . In the case of 
the standard Nelson model, P'(<f) a ) = 1. Then condition (jl.fip is enough to show this 
convergence. In the singular case, we need however (11.51) to control the upper bound 
of \\((E a -H a - oo(k))- 1 -(E-H- u;(£;))- 1 )p (T (£;)P'(<^) < M- 

This paper is organized as follows: Section 2 is devoted to defining the Nelson 
Hamiltonian with a singular perturbation. In Section 3 we show the self-adjointness 
of H. In Section 4 we show the existence of a ground state of H but with an infrared 
cutoff. Finally in Section 5 we show the existence of a ground state of H. 
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2 Definition of the Nelson model with P(<j>) pertur- 
bation 



2.1 Preliminaries 

Here we introduce fundamental facts on Fock spaces and second quantizations. Let X 
be a Hilbert space over the complex field C. Then 

oo f oo 

MX) = I®"*} = {* (n) }~ |* (n) G ®?*,n > 0,]T \\¥^\\ 2 < oo (2.1) 

n=0 L n=0 J 

is called the boson Fock space over X, where <2)™X denotes the symmetric tensor 
product of X and ®° S X = C. Let Q = {1, 0, • • • } G ^(X) be the Fock vacuum. The 
number operator N is defined by 

(jVtf)W = n ^ (ri) (2.2) 

with the domain 

D(N) = j{* (n) }~ G T h (X) | f]n 2 ||^ (ri) || 2 < oo | . (2.3) 

The finite particle subspace of F\>{X) is a dense subspace of J 7 , which is given by 

F hfi (X) = {{¥ n) }™ =0 G T h (X) | ^ (n) = except for finitely many n} . (2.4) 
The creation operator af(f) smeared by / G X is also given by 

(at(/)tf)W = v^5 B (/ ® ^ (n ' 1) ), n > 1, (2.5) 
and (a^/)*)^ = with the domain 

D(a\f)) = UeT h \ jr\\V^S n (f®¥ n -V)\\ 2 <oo\. (2.6) 



n=l 



Here S n is the symmetrization operator on ® n X . The annihilation operator smeared 
by / G X is given by the adjoint of a)(f): 

a(f) = (a f (/))*. (2.7) 

Note that a(/) is antilinear in /, while at(f) is linear in /. We see that a(/)[®jAr is 
bounded from ®^ to (g)™- 1 * and at(/)|" 0? * from ®^ to ® n s +1 X. a(f) and a f (/) 
satisfy canonical commutation relations: 

W), a\g)] = (f, g), [a(f), a(g)\ = [J(f), a\g)} = 0. (2.8) 
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Let Dbea dense subspace of X. Then 

T hM {V) = C{Q, a f (/i) • • • at(/ n )Q \ n eN, fj eV,j — 1,- • -n} (2.9) 

is also dense in T h (X), where £{•••} denotes the linear hull of {• • •}■ The Sigal field 
smeared by / G X is given by 

0(/) = ^=(a(/) + at(/)). (2-10) 

Let Dbea dense subspace and / G V. Then 0(/) is essentially self-adjoint on J^.fin^)- 
The Sigal field satisfies the following commutation relation: 

W/),^7)] = i3(/,0). (2.11) 

When A" = L 2 (R d ), let 

(a(A;)tf) (n) (fci, ••-,*„) = V^+l¥ n+1 \k, h, ■ ■ ■ , k n ). (2.12) 
If # G D(N 1 / 2 ), then a(Jfe)tf G J" b (L 2 (R d )) for almost every fc G M d . For * G D(a(f)), 

(a(/)*)W(fci,...,A; n )= / flK^lW^!,-,^ 

holds. 

Let <Y and ^ be Hilbert spaces, and T a densely defined closable operator from X 
to y. Then T(T) is defined by 

oo 

r(T) = Q® n T\ 9 » x (2.13) 

n=0 

with ®°T = 1. If X — y, the second quantization of T is defined by 

oo 

dr(T) = 0T (n) , (2.14) 

n=0 

where = and 



n jth 

= 5^1® •••(8) 1® f (8)1(8) ...<g> If®**, n>l. (2.15) 

Here S 1 denotes the closure of an operator S. The number operator N can be written 

as 

N = dT(l). (2.16) 
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We define the unitary operator Ux,y from T\XX © y) to J r b(^) © ^b(3^) by 

UxWUi © 0) ' ' • a Hfn © 0)^(0 © • • • ^(0 © g n )Q 
= a\h)---a\f n )n®a\ gi )---a\g n )n. (2.17) 

Let T be a densely defined closable operator from X to X © X. Then the operator 
f (T) : ->• .F(Af) <g> j^(;t) is defined by 

f (T) = C/^r(T). (2.18) 

2.2 The Nelson Hamiltonian with P(4>) perturbation 

In this paper the number of quantum mechanical particles is supposed to be one, but 
the spatial dimension d. Let K = L 2 (R%) and F h = T h {L 2 (Rf)). The Hilbert space of 
state space is given by 

U = K®T^ (2.19) 

where /C describes the state space of a quantum mechanical particle, and T\, that of 
bosons. Let w be a boson dispersion relation. We suppose that w is a densely defined, 
non-negative multiplication operator on L 2 (M.f). Further conditions on u are given 
later. The free field Hamiltonian is given by dT(u). Let K be a Hamiltonian of the 
quantum mechanical particle. Then the decoupled Hamiltonian is given by 

H = K <g> 1 + 1 © dV(u) (2.20) 

with the domain D(H ) = D(K © 1) n D(l © dT(u)). In what follows, we denote T© 1 
and 1 © S by T and 5, respectively, for simplicity unless confusion arises. Let us now 
define a field operator <fi in %. Let p(x, k) be a test function such that p(x, •) G £ 2 (JRfc) 
for each x G M d . Then we set 

0(p(x, •)) = ^= (a(p(x, •) + ot(p(x, •)) • (2.21) 

4>(p(x, •)) is essentially self-adjoint for each x G M d on 

Jb, fin = a f (/n) • • • a\h n )n\ n G N, /, ^ G C c (R d k ),i = 1, • • • n}. 



Then the field operator <p is defined by the constant fiber direct integral of <fi(p(x, •)): 

= 0(p) = / <t>{p{x,-))dx. (2.22) 

Let 

p( x ) = x 4 + c 3 x 3 + c 2 x 2 + Cl x, (2.23) 

where Cj, j = 1,2,3, are arbitrary real numbers. Then the Nelson Hamiltonian with 
P(4>) perturbation is given by 

H = H + P((j>) (2.24) 
with the domain D(H) = D(H ) n D(<p 4 ). 
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2.3 Hypotheses and main theorems 

To show the self-adjointness of H and the existence of a ground state of if, we introduce 
the following hypotheses. 

Hypothesis 2.1 (Hypotheses of K) (1) K is given by 

K = -A + V (2.25) 

with the domain D(K) = D(—A) r\D(V). Here V is a real- valued multiplication 
operator, which describes an external potential. 

(2) There exist constants < a < 1 and b > so that for all * G D(V^ /2 ), * G -D(|p|) 
and 

||\/ V2 ^|| 2 < a|||p|^|| 2 + 6||^|| 2 . (2.26) 
Here V_(x) = max{0, — V(x)} and p = —iV x . 

(3) if is a non-negative, self-adjoint operator and has a compact resolvent. 
Hypothesis 2.2 (Hypotheses of w) (1) u G C(R^; [0, oo)); 

(2) Voo G L°°(R£); 

(3) co(k) = if and only if Jfe = 0. 

Definition 2.3 Let A" be a Hilbert space. / G L°°(R d ; A") is said to be weakly differ- 
entiate if there exists g G L°°(R d ; X) such that for all * G X and tp G C c °°(R d ), 

/ (d j <p)(x)(*,f(x)) x dx = - f <p(x)(*,g(x)) x dx. (2.27) 

In this case, we denote g(x) by djf(x). 

Hypothesis 2.4 (Hypotheses of p) x H> p(ar, •) is an element of L°°(R^; L 2 (R^)) 
and weakly twice differentiate. Moreover, for each fc G R^, p(fc) = p(-, k) is a bounded 
operator on £ 2 (Rf) such that 

w- 1/2 ||p(0II, "HaKOII, w- 1/2 l|v x p(OII, l|v xA >(.)|| e £ 2 (Mf). (2.28) 

Hypothesis 2.5 (Infrared regularity condition) It holds that 

c- 5 / 4 ||p(.)||GL 2 (R^). (2.29) 
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We denote ||o/||p(-)|| || L 2( R d) by \\w l p\\ for —5/4 < I < 1. Let 

^fin = £{f ® fi, / ® a f (/ii) ■ ■ • a^/i^fil n e N, / G D{K), h t G C C °°(R£), 1 < i < n}. 

(2.30) 

Now let us state the main theorems. 

Theorem 2.6 Suppose Hypotheses 12. II and 12.41 Then H is self-adjoint and essentially 
self- adjoint on 

Theorem 2.7 Suppose Hypotheses 12. 1[ [2.21 12.41 and 12.51 Then H has a ground state. 

3 Self-adjointness of H 

The following proposition on the essential self-adjointness is known. 

Proposition 3.1 [T] Let ft = ©^l i3n be the direct sum of Hilbert spaces Sj n , n = 
0, 1, 2, • • • , and 

£ = {{$ (n) }^° =0 G fi\¥ n) = for all but finitely many n}. 

The number operator in f) is defined by 

(N^) (n) =n^ n \ n = 0,1,2,- •• (3.1) 

with the domain 

£>(j\y = J o G £ | ^V||^ (n) || 2 < oo I . (3.2) 

I n=0 J 

Let A n , n = 1, 2, • • • , be self-adjoint operators in S) n and B a symmetric operator in 
f). Put A = €B™ =0 A n . Let P„ be the projection from X to S) n C fj: P n = 1{„}(A^). 
Suppose that 

(1) A + P is bounded from below; 

(2) C D(B) and there exists a constant n > such that (P m \l/, PP n \l/) = 
whenever \m — n\ > n ; 

(3) there exist a constant c and a linear operator L in fj such that Ran(L |\D(L)nP„fj) C 
P n fj and 

|(e,P*)| <c||L9|| || (Nfi + l) 2 * || . 
Then A + P is essentially self-adjoint on P(A) D i). 
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Lemma 3.2 Suppose Hypotheses 12.11 and 12.41 Then H is an essentially self-adjoint 
on "H fin . 

Proof: By Proposition 13. 1[ H is essentially self-adjoint on D(H ) R Ho, where "Ho — 
JC <S> J-Q- Thus it suffices to show that is a core for H. Let ^ G D(H ) fl Ho- Then 
there exists a number no so that for all n > no, = 0. Since Hfi n is a core for ifo by 
Proposition 16.41 in Appendix and P(4>) lic^i®" ^ * s a bounded operator, it is seen that 
there exists a sequence C Han such that ^ j — >■ ^ and — >■ i?^. Therefore 

the lemma follows. ■ 

Lemma 3.3 Suppose Hypothesis 12.41 Let 4>'a = —i(j)(d x jp). Then (jf 1 ^! G L>(|p| 2 ) for 
^ G 'Hfi n and n G N, and [<j>,Pj] = 01- follows on H nn . 

Proof: Let 

$ = /®a t (/i)---a t (/ n )fl, * = ^®a t (^ 1 )---a t (^ n _ 1 )fi, 

where / and /& G C c °°(R d ), fc = 1, • - • , n, and g G and g k G C c °°(M d ), fc = 

1, ■ • • , n — 1. It can be computed as 



'"71 / (<9 i /)(x)5f(x)(a(p x ) at (/i) • • •« t (/n)^, ^(fl-i) • • •^(fi'n-Ofi)^ 



n 

% 



Y] / (djf)(x)g(x)(f h p x )dx{a\f l ) ■ ■ ■ ot(/,) • • • a\f n )tt, a f (#i) • • • a f (# n _i)n). 
V 2 ]~[ 

(3.3) 

Here the symbol^ denotes omission. Since p(x, •) is weakly differentiable, we see that 

= + = ($, + (3.4) 

Thus we obtain that G D(pj) and 

Pi 0* = + (3.5) 

By a similar computation, ( 13. 5 P holds for all ^ G "Hfi n - In a similar way, we can also 
see that 6 n ^ G D(\p\ 2 ). m 



Theorem 3.4 Suppose Hypotheses 12.11 and 12.41 Then there exists a constant C such 
that for all V e D(H), 

wrn <c\\(n+i)n, n= 1,2,3,4. (3.6) 
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Proof: It is enough to show for the case of n = 4. Let \& G Ufa. It holds that 



H-H -J2 c ^ k 
fc=i / 

||#^|| 2 -2K(0 4 ^,# O *) 

3 



fc=l 



-2^K(0 4 vI/, Cfc /M/)- 

k=l 

\\Hn 2 - [0 2 , [0 2 , #o]]*) - 2 £ c fc (0 4 v|/, 

fc=i 



-2 



fc=i 



(3.7) 



Take a sufficiently small e > 0. Since fc , = 1, 2, 3, are infinitesimally small with 
respect to 4 , there exists a constant C\ e > such that 



(3.8) 



fc=i 



Thus by (13. 7p and (13.81) . we have 



1-e 



||iy*|| 2 + c lj£ ||*|| 2 + |(* 



#o]]*)| • 



(3.9) 



Thus in order to prove (I3.6p . it sufficies to show that for sufficiently small < rj, there 

(3.10) 



exists a constant C n so that 



[0 2 , [</> 2 , # ]]*)| < ^||0%|| 2 + C7J(fT + 1)*|| 2 . 
By Proposition 16.11 (3) in Appendix, we have 

[0 2 , [0 2 , dT(u)))n < 4||^/ 2 p|| 2 ||^|| 2 < e||0 4 v]/|| 2 + C 2 , e ||*l| 2 - (3.11) 
Let us estimate [0 2 , [0 2 , iT]] 1 !') |. By Lemma I3T3"| it is seen that 

|(*, [0 2 , [0 2 ,p]]]^)| < 2|| [0 2 ,p,]vl/|| 2 + |(*, {p,[0 2 , [0 2 ,p,]] + [0 2 , [0 2 )? *}*)| 

< 2||(0;0 + #^.)*ir + 8|^^)ll^(0 2 ^ ) Pi*)l- (3-12) 
Since [0,0'-] = ^s(p,d x> jp), by using the Schwarz inequality, we see that 

|(*, [0 2 , [0 2 ,p 2 ]]v&)| < e||0%|| 2 + c 3 , e (H' 3 m 2 + llbl^ll 2 + ll*ll 2 )- (3-13) 
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Let us estimate 110^11 2 in f l3~T3j) . It holds that 

w 3 <i>n 2 < (dT(oo) + 1)0*) 

= C 4 {(0 2 *,(rfr(u;) + l)*) + (0*,-#(^p)*)}. (3.14) 
By the Schwarz inequality again, we have 

||^*|| 2 < e\\(dT(uj) + l)n 2 + C,Mn 2 + ^(||0(^p)*|| 2 + ||^|| 2 ). (3.15) 

Since (f>(iojp) and (j) k , k — 1,2, are infinitesimally small with respect to f£T(u;) and 4 , 
respectively, we see that 

ll^f < e||0%|| 2 + 3 e ||dl»vl/|| 2 + C 5 , e \\n 2 - (3-16) 

Since 

||dl»*|| 2 < 2||i^|| 2 + 2||P(0)*|| 2 

< 2||iJM/|| 2 + (2 + e)||0 4 vI/|| 2 + C 6ie ||*|| 2 , (3.17) 

can be estimated by ( 13.16P as 

H'^W 2 < e(3e + 7)||0 4 vl/|| 2 + 6e||#*|| 2 + (C 5>£ + 3eC 6 , e )||vI>|| 2 . (3.18) 

Next we estimate ||b|*|| 2 in (ETTBl . By fl2T26|) . 

Ilbl^ll 2 = (tt,-Att) < + < (*,^) + a|||p|*|| 2 + 6||*|| 2 , (3.19) 

with < a < 1 and < b. Thus it holds that 

w\p\n 2 < -j-(*> - + t^i^ii 2 - ( 3 - 2 °) 

Since l-H] 1 / 2 and |P(0)| X / 2 are infinitesimally small with respect to if and 4 , respec- 
tively, we have 

w\p\n 2 < <u 4 n 2 + ii#*ii 2 ) + ^.eii^n 2 . (3.21) 

Therefore by (I3.13p . ( 13 . 18[) and (I3.2ip . for sufficiently small e' > 0, we have 



|(*,[0 2 ,[^,#]*)|: 



]T>,[0 2 ,[0 2 ,^) 

J = l 



< e '(||0 4 *|| 2 +||^|| 2 ) + C 8ie ,||*|| 2 .(3.22) 



Therefore fl3TTUD follow^_from f[3"TTTj) and (JS23). Thus (jp) is proven for * G H fin . 
Since "Hfi n is a core for H, (13. 6 j) also holds for all * G D(H) by the closedness of 4 . ■ 
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Proof of Theorem \2.6k By Lemma I3.2[ it suffices to show that 

H = H. (3.23) 

Let * e D(H). Since "Hfi n is a core for H, there exists a sequence {^j}^ =1 so that 
tyj G ^fi n and 

lim (||*, - *|| + \\H(Vj - *)||) = 0. (3.24) 

J-KX 

By the bound ||0 4 *|| < C\\(H + 1)*|| , {0 4 * i }°L x is a Cauchy sequence. Since is 
closed, * G -D(0 4 ) holds. Since 

||#o(*; - * fc )|| < ||#(^ - * fc )|| + \\P(<l>)(*i - (3.25) 

{i/ *i}^i is also a Cauchy sequence. Then * £ D(H ) by the closedness of H . Thus 
D(#) C £>(# ) n D(<p A ) =D(H). Therefore fl3T23|) is obtained. ■ 

4 Existence of a ground state of H a and H a 

4.1 The Nelson Hamiltonian with an infrared cutoff a 

The field operator with an infrared cutoff is given by 

ff = 0(p ff ), a > 0, (4.1) 

where 

Pa = Pl{fc|a<w(fc)}- (4.2) 

We define H a by 

H a = H + Pfa) (4.3) 

with the domain D(H a ) = D(H ) D D(<f)^). By Theorem 12.61 is self-adjoint. 

Lemma 4.1 Suppose Hypotheses 12.11 and 12.41 Then converges to H as er — > in 
the norm resolvent sense: 

lim II (if a - z)- 1 -(H- z)- 1 1| = (4.4) 

for all z e C \ R. 
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Proof: By the bound 

||C*||<C||(i^+ n= 1,2,3,4, (4.5) 

we see that 

IK^h + ij^-z)- 1 !! <c, (4.6) 

with some constant C Take arbitrary vectors G G "H and * G "H. Then 

|(6, (If, -z)- 1 -^-*)- 1 *)! 
= |(( J ff (r -z)- 1 6,P(0)( J H'-z)- 1 ^)-(P(0 (r )(i? CT -^)- 1 6,( J ff-z)- 1 *)|. (4.7) 

Since [<j>,<j> \ = and D(H) U C D(dT(w)) C £>(0 2 ) n £>(</> 2 ), it follows that 

|((tf ff - f)-^, </> 4 (# - ^r 1 *) - - *)- 1 e, (if - z)- 1 ^)! 

< |((0 2 - <fil){H a - zy'Q, <f{H - z^n 

+U 2 AH a - zy'e, (0 2 - <pD(h - z y l n 

< ||0(p - p CT )0(p + p a ){H a - z)-^ ||0 2 (tf - z)- l \\ ||6|| ||*|| 

+||0 2 (i/ ff - z)- 1 !!^ - p CT )0(p + Pa )(H - z)- 1 !! ||6|| ||*|| 

< C'(\\u-^(p - Ptr )\\ + \\ u (p - P,)||)||6||||*||, (4.8) 

with some constant C. Similarly we see that 

\{{H a - z)~ l e, P{<j>){H - z)- 1 ^) - (PMiHe - z)~ l e, (H - z)- 1 *)] 

<C"(||a;- 1 / 2 (p-p CT )|| + ||a;(p-p (7 )||)||6||||*||. (4.9) 

with some constant C" . Thus we obtain that 

\\(H, - z)- 1 -{H- z)- l \\ < C"(\\uj- l l\p - Pa )\\ + |Kp - p a )\\). (4.10) 

Since the right hand side of (14.101) converges to as a — > 0, the lemma follows. ■ 
We denote the ground state energies of H a and H by E a and E, respectively: 

E= inf (V,HV), E a = inf (W.H^). (4.11) 

*eD(H),||*||=l V€D(H a ), |]*]|=1 



Since if, > C with some constant C independent of cr, by Lemma 14.11 we obtain 
the following corollary: 

Corollary 4.2 Suppose Hypotheses 12.11 and 12.41 Then 

lim E a = E. (4.12) 

<T->0 
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Let us introduce a multiplication operator u a below: 

Q a G C(R d ), Voo a G L°°(M.f), (4.13) 
u<r(k) > - for A; G R d , (4.14) 
^(Jfe) = w(Jfe) if \k\>a. (4.15) 

Then we define the massive Hamiltonian H a by 

H a = K®l + l®dT(Cj a ) + P(<p a ). (4.16) 

Similarly to the case of H and H a , we can see that H a is self-adjoint on D(K) (1 
D{dV{uj a ))nD{<t>l). 

4.2 Extended Hamiltonian and existence of a ground state 

Throughout in this subsection, we suppose Hypotheses 12.11 12.21 and 12.41 

Lemma 4.3 (1) Let m G Z. Then (N + l)~ m (# CT - z)~ 1 {N + l) m+1 is a bounded 
operator and 

\\{N + l)- m {H a - Z y\N + l) m+1 \\ < Ca~ l (l + \Stz\- 1 ) (4.17) 

with some constant C independent of z and a; 

(2) Let x e C C °°(M). Then for all Z,m G Z, (JV + l) l x{H)(N + l) m is a bounded 
operator. 

Proo/- Let us show (1). We denote l{ n }{N) by P n . Let m > and ^ G P>(iV m+1 ). 
Since 

4 

P n (# - z)- 1 = p n(H - z)- l P n+h 

Z=-4 

it follows that 

|| (TV + l)- m (H a - z)-\N + l) m+1 ^|| 2 

oo 

= J2( n + ^)~ 2m \\Pn{H a - z)-\N + l) m+1 ^|| 2 

n=0 

oo 4 



< Cl J2(n + iy 2m (n + 5) 2m ||P n (# ff - z)-\N + l)P n+ ^f 

n=0 l=-4 

oo 4 

< C 2 ||(^ - ^)~ 1 (A^+ 1)|| 2 5^ 5^ H^+^ll 2 

n=0 l=-4 

< C 3 cr" 2 (|^^r 1 + l) 2 ||^|| 2 , (4.18) 
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where Cj, j = 1,2,3, are constants independent of a and z. In the last inequality, 
we used ||JVtf|| < § \\dT{Cj a )^>\\ < %\\{H„ + since Co a > f . Then fl4~TTj) follows. 

When m < 0, the lemma can be also proven similarly to the case of m > 0. (2) can be 
proven similarly to Lemma 3.2 ii)]. ■ 
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Let us consider the extended Hilbert space defined by 

■H ext = K®F h ®F h . 
The decoupled Hamiltonian H (T is extended as 

H$ = H 0>a ® 1^ + 1„ ® dT^) 
and the total Hamiltonian H a as 

flf t = fl- (T ®l^ + l«®dr(a> <T ). 
Let us introduce a partition of unity such that j = (jo, joo) G C 

I, io +ii = 1 and 

We set 
and 

Let us recall that T(J R ) : J~b — > ® is defined by U L 2md^ L 2md\T(j R ) 
Lemma 4.4 Let xi, X2 e C~(M). Then 



1 if M < 1, 
if Id > 2. 



(4.19) 
(4.20) 
(4.21) 

< j , joo < 

(4.22) 



]R = (jo,R,Joo,R) = (j (-/R),joo(-/R)) 



lim (xi{H^)r{j R ) - r(j R )xi(H a )) X 2(H a ) 
Proof: By Helffer-Sjostrand's formula, it is seen that 
Xi(^ xt )f Or) ~ t(j R )x(H a )) X2(H*) 



(4.23) 



= 7T / Q zXi{z){z - H^)-\H^tQ R ) - T(j R )H a ){z - H a )-\i{H a )&zdz. 
2vr J c 

(4.24) 

Here dzdz = —2idxdy, d s = \{d x + id y ) and xi is an almost analytic extension of xi, 
which satisfies 



Xi{x) = Xi{x), x G 

xi e c c °°(C), 



neN. 



(4.25) 
(4.26) 
(4.27) 
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Let us estimate the integrand in (14.24)) . H^ xt t (j R ) — t(j R )H a is equal to 

(# e Jf (jn) - r(j R )H 0;a ) + ((P(0 CT ) ® l^)f - f &)P(0 ff )) . (4.28) 

The first term of (14. 28ft can be estimated as 
UH^tQr) - f(j R )H , a )(N + I)- 1 ! = \\dT(j R , ({u a © u a )j R - j R oj a )(N + ly'w 



< ^\\[u a ,j ,R]\\ 2 + \\[^,joo, R }\\ 2 , (4.29) 
where dT(j R , {u a © oj a )j R - j R uj a ) is defined by 



Zth 



(dTO'fl, (u>„ © Q„) j R - j R u a )^) (n) = J2 jr ® • • • ® © 5" B - j^) © • • • © j R ^ (n) 

1=1 

for n > 1 and 

(dT(3fl, (oo a © - ] R ^) (0) = 0. 

Let us estimate commutators [uj a ,jo,R\ and [ui a -i Joo,r}- Note that 

(f(-iV)g)(k) = (2ir)- d / 2 [ (Ff)(s)g(k + s)ds } (4.30) 



for / G C%°(M. d ) and g G C£°(M. d ). Here J 7 / denotes the Fourier transformation of /. 
Then 



\\[jo,R,ujAf\\h 



(2tt 



,-d 




dk 



< (2n)-^ 3o )(Y +1 \\ 2 A\\^\\^/R) 2 [ [ (0- 2d \f(k + Z/R)\ 2 dkd£ 

< ^^ll(^o)(-) d+1 H| 2 ||V^||! oc ||(r11 2 WfWh, (4.31) 



where (f ) = y/l + £ 2 . Thus 

C( 

llh'n D .,7j_lll = - 

R 



_ ... const. 

o,R,ti a }\\ = ——. (4.32) 



Similarly, 



II doo,R, "a] II = II [joc,R ~ 1, || = (4.33) 



since j^r - 1 G C c °°(IR d ). Thus it is seen that 



lim \\(H$T(j R ) - r(j R )H 0ja )(N + I)- 1 )) = 0. (4.34) 

R— >oo 
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Let us consider the second term of (14.281) . It can be computed as 
<„f Or) - KitW, 



£ 

fc=0 

EC 



Ah) - f (j R ) 



k=0 



0o((l - jo,R)Pa) ~ 4>oo(joo,Rpa) ) t{j R ) 



(4.35) 



on %fi n . Here we write (fio(f) and (j>oo{f) for 0(/) ® ljr b and 1-^ <g) 0(/), respectively. 
Note that 



0(4.36) 



lim (jVo + iV^)- 3 / 2 (<l>o{{l-h,R)Pa)-(t>ooOoo,RP.))v(j R ) {N + iy 

R-^-oo L V / 

where iV = AT® 1^ and iV^ = l H ® JV. Then by (14341 and (14351) . 

lim \\(H^V (j R ) - r(j R )H a )(N + 1)" 5 / 2 || = 0. 

R—>oo 

By Lemma [4.31 the integrand of (14.241) can be estimated as 

|$,Xi(*)|||(* - H^)-\HfT (j R ) - r(j R )H a )(z - H^x^H^W 



(4.37) 



< \d- z Uz)\\\(z ~ K 



cxt \— 1 I 



(^rf^-f^^^^+i) 



-5/2 I 



|| (iV + - ^(iV + 1)" 3 / 2 || \\(N + lf /2 X2 {H a ) 



< C\\{H^tQ R )-tQ R )H a ){N + l) 



-5/2 I 



1 + 



(4.38) 



where C is a constant independent of z and R. From (I4.37P and (I4.38[) . the lemma 
follows. ■ 

Lemma 4.5 Let E a denote the ground state energy of H a . Let x Suppose 
that suppx C (— oo,E a + cr/2). Then x{H a ) is a compact operator. In particular, H a 
has a ground state. 

Proof: First, let us show that T(il R )x{H a ) is a compact operator. Since for each 
n e N, 



fc=0 



< 



1 



n + 1 



\tQI r )Nx(h,) 



Y.k=o 1 {k}( N ) T Uo,R)x(H (T ) uniformly converges^ to T(jl R )x(H a ) as n goes to infinity. 
Then it suffices to show that l{ fc }(iV)r(j 2 R )x(H a ) is compact. Note that 



7\ = (K + l)- 1 / 2 ® tQIr )(dT(d) ff ) + 1)- 1/2 1«(A0 
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is compact and 

T 2 = ((K + l) 1 ' 2 ® {dT{u a ) + l) 1 / 2 ) X (H a ) 

is a bounded. Thus the claim is obtained since l{k}(N)T(j 2 R )x(Ha) = T\T 2 . Since 
suppx C (—00, E a + er/2), we see that 

X (H: xt ) = (l H ®Po)x(H? t ), (4.39) 

where Po is the projection from J 7 ^ to the subspace spanned by the Fock vacuum. We 
also see that 

f Q R T{ln ® PoMjr) = TQl R ). (4.40) 
We can suppose x > 0- Then by Lemma [4.41 and (14.39!) . 

X (H a ) = TQ R ytQ R )x 1/2 {H«)x 1/2 {H«) 

= r(j R )*(l u ® P )x 1/2 (HTWOr)x 1/2 (H (7 ) + o(R°), (4.41) 

where o(R°) is a bounded operator converging to as R — > 00 in the uniform norm. 
By Lemma 14.41 again and (14.401) , 

X(H*) = tCjRr(lH®PoWQR)x(H a ) + o(R ) 

= njl R )x(H a ) + o(R ). (4.42) 

Since T(j 2 R )x(Ha) is a compact operator, x{H<r) is also compact. ■ 
Lemma 4.6 H a has a ground state. 

Proof: Let us consider the unitary operator (12. 17ft with X = L 2 ({k\u(k) > a}) and 
y = L 2 ({k\u(k) < a}). We denote U Xj y by U a . We see that 

U a H a U* = 1 ® rfr(w CT ) + P; <g> 1, (4.43) 

where 

K = K + dT(col {uj{k) > a} ) + P(0 ff ) (4.44) 

with the domain D(K) fl D^dTiul^k)^})) H D(<fi^). is self-adjoint. Since 
has a ground state by Lemma 14.51 if^ also has a ground state by Proposition 16.41 in 
Appendix. Since 

U a H a U* = 1 <g> rfr( Wff ) + P; ® 1, (4.45) 
and if^ has a ground state, H a also has a ground state. ■ 
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5 Proof of the existence of a ground state 

Let <3> CT be a normalized ground state of H a . 

Lemma 5.1 (Pull-through formula) Suppose Hypotheses 12.11 12.21 and 12.41 For al- 
most every k G R d , we have 

a(k)<S> a = -j=(E a -H a - u(k))~ 1 p a (k)P'((j) a )^ (T . (5.1) 



Here 



dP 

P'{x) = °f(x). (5.2) 
dx 



Proof: Since $ CT is a ground state of H a , for all / G C%°(M.£) and G Hfi n , 
((H a -E a )G,a(f)$ a ) = ([a\f),H a -E a ]e,^) 

L a \uf) + ^={p a ,f)P\^)\ 

©, (-a(uf) + -±=(f, pjntS) (5-3) 

follows. Since (I5.3P is equal to 

/ W)((E a -H a -u(k))e,a(k)® a )dk=^= [ J(k){G,p a (k)P'{ct> a )<S> a )dk, (5.4) 

it holds that for almost every G M d , 

- tf, - w(A;))e, a(A;)$ (T ) = -^=(6, p^k)!* (5.5) 

Thus a(/c)$ cr G D(H a ) for almost every and 

- F CT - u;(fc))a(fc)$„ = -^=p a {k)P' (5.6) 

E a - H a - u{k) < for jfe ^ 0. Then (£ CT - H a - u(k)y x exists for k ^ 0. Thus the 

lemma follows. ■ 

Lemma 5.2 Suppose Hypotheses EH E21 E3J and u;" 1 ||p(-)|| G £ 2 (Mf). Then $ CT G 
D(N 1/2 ) and 

sup || 7V 1/2 <^> CT || < oo. (5.7) 

0<<T<1 
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Proof: By Lemma I5.1[ it follows that 

\\N 1/2 $ a f = [ \\a(k)& a \\ 2 dk 
Jut 



= \[ \\(E a — H a — cj(k)y l p (T (k)P' ((p a )^ a \\ 2 dk 

< hp'M^w 2 [ 



\\(E a -H a -u(k))- L p a (k)\\ z dk 



< C ( sup El + + to' 1 ) p\\ 2 <oo (5. 

\0<<J<1 / 

with a constant C. Thus the lemma follows. ■ 
Lemma 5.3 Suppose Hypotheses 12. 1\ [272| 12.41 and 12.51 Then it holds that 

\E a -E\ Go(a 3 / 4 ). (5.9) 
Here <7 _3 / 4 o(o" 3 / 4 ) converges to as a — > +0. 

Proof: Let < a < a' < 1. Take a sequence {$£}^Li C "Hfi n such that 

lim - + WH^K ~ MID = 0. 

j-s>oo 

Since there exist constants C and C" > so that for all j and fcsN, 

11^(^-^)11 < C7||(dr( w ) + i)(^-e)ll 

< C(\\(H a , + 1)«, - ** )|| + ||P(^)(«& - Mil) 

< C7'||(^ + l)(^-**)||, (5.10) 

it is seen that 

lim ||^(^-^)|| = (5.11) 

3->oo 

by the closedness of (p 2 . Note that sup 0<cr<1 \E a \ < oo by Corollary 14.21 Then by 
(j5TTTp . it holds that 

E a -E a , <liminf V ff ' V W 



(# - #0«v) + (# - #0«v) 

+C 3 {(0a$*', (0' - 4>l>)®*>) + (<j>l>®a', (0 CT - CT ')<M} 
+ C2{(0 CT $a', (0a - 0<x') < M + (0a' <V, (0<7 - 0<x')$a')} 
+Ci($ CT /, (0(7 - CT ')<M 
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Pa' - Pa 



IjJ 



+ IKAt' ~ Pa)\\ 



Pa 



\Wpa\ 



Pa' 



+ \\UP<T> 



< a 



x\\(dr(u) + i)* ff 

Pa' ~ Pa 



+ \\^(pa' ~ Pa)\\ 



with constants C\ and Ci- Note that 



p a '{x,k) - p a {x,k) 



< a 



/3/4 



p a ,(x, k) - p a (x, k) 



5 / 4 (k) 



and 



\uj{k){p a i{x, k) - Pa (x, k))\ < a'^lu^ik^ix, k) - p a (x, k))\. 
Then by (15.121) . it is obtained that 



E„ - E a , < Co*'* 
Replacing a and o', we have 

\E a , - E a \ < Co' 3 '* 



Pa' - Pa 



5/4 



Pa' ~ Pa 



5/4 



+ \\^'\ Pa ,- Pa ) 



+ ||w 1/4 (p CT / - p a ) 



(5.12) 



(5.13) 



(5.14) 



(5.15) 



(5.16) 



Taking a' ->■ on both sides of (OB]) , we obtain (CT . since w- 5 / 4 ||p(-)||, w 1 / 4 ||p(-)|| G 
Lemma 5.4 Suppose Hypotheses 12.11 12.21 12.41 and 12.51 Then 



lim / a(k)$ a - —= {E -R -uj{k)Y 1 p{k)P\<ib a )^ (J dk = 0. (5.17) 

V2 

Proof: Applying the pull through formula, Lemma I5.1[ we have 
a(k)<t> a - ±={E -H- uik^P'i^p^k)^ 

= --L(E-H- uj{k)Y\p{k) - p a {k))P'{^ a 

+ ((E a -H„- uj(k))- 1 -(E-H- u(k))- 1 ) Pa {k)P\^ a . (5.18) 



First let us consider the first term of the right hand side of (15.181) . By the bound 
||0 n #|| < C\\(H + 1)V\\, n = 1,2,3,4, we see that 



\\{E-H- u{k))-\p{k) - P a(k))P '(0 CT )$ afdk 



<\\u- 1 {p-p a W\\n<l>*)*AV<C[ sup Ei + l)\\u-\p-p a )\Y (5.19) 

y 0<a<l 
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with some constant C. Since uj 1 \\p{-)\\ G L 2 (M.f), we obtain that 



lim / \\(E-H-Lu(k))- l (p(k)-p a (k))P'( ( f> a )$ (7 \\ 2 dk = 0. (5.20) 

a^O J Rd 

Next let us consider the second term of the right hand side of ( 15. 18ft . We see that 

(6, {(E a -H a - u{k)Y l — (E — H — c^))- 1 ) p a (k)P'(<p a )<b a ) 
= (E - E a ) ((E a -H a - u(k)y 1 Q, (E-H- u(k))- 1 p a (k)P f ( ( j )(7 )^ a ) 
+ (P{(j) a ){E a -H„- uj(k))- l Q, (E-H- u(k))- x Pa (k)P'(<l> a )& a ) 
- ((E a -H a - tu(k))- l O, P{(j>){E -H- u(k)y 1 p a (k)P'((f) a )^ .) (5.21) 

for all 6 G H. It holds that 

| (<fc(E -H a - cu(k))- l e, (E-H- u(k)y 1 p a (k)P'((j) .)^ .) 

- {(E a -H a - uj(k))~ l e, <f>\E -H- | 
= \{£{E a -H a - w(A;)) _1 9, ((j>l - tf)(E -H- ^(k^p^P'^)^) 
+ ((<# - <p 2 )(E a -H a - uj(k))- l Q, <P 2 (E -H- u{k)y l Pa {k)P'(4>c)^a)\ 

< C(\\u- 1 / 2 (p-p a )\\ + \\u(p-p a )\\)(l + ^\ IM^IMieil, (5.22) 

since 

\\(dT(u) + l)(E a -H a + \\(dT(u) + 1)(E -H + I)"! <C'(l+ — J^A (5.23) 

where C and C are constants. Since 9 G Ti is arbitrary, in a similar way to (15. 22 p . we 
can see that 

||( (E a -H„- co(k))- 1 -(E-H- o;(A;))- 1 )p (7 (A;)P , (^)^ll 
< C(\\uj-^(p - p a )\\ + |Kp - p 9 )\\ + \E- E a \) (l + \\p a (k)\\ 



uj(kf / 

< ^ 3/4 ( 1 + ^)i) (5-24) 

for almost every k G M. d . Here we used (I5.13P and ( I5.14p . and C a is given by 

C CT = ||a;- 5 / 4 (p - p a )\\ + \\uj 1 I\ P - p a )\\ + a^ 4 \E E a | . (5.25) 
Since a 3 / 4 ||p CT (A;)|| < u(k) 3 / A \\p a (k)\\, by 1RT23)) we see that 

II ( (E a H (t ^(A;))- 1 -(E-H- oo(k))- 1 ) p a (k)P' (<p a )§ a \\ 

<a(^) 3 / 4 + -^p)||p CT (fc)||. (5.26) 

22 



Since \E — E a \ = o(cr 3//4 ), we have 

lim C a = 0. (5.27) 

CT— s-0 

Thus by (15.261) and (I5.2TH . we obtain that 

lim / ||( (E a -H a - uj(k)Y l -{E-H- u(k))- l ) P(T (k)P' (<p a )<$> a \\ 2 dk = 0. (5.28) 

k 

Then we complete the lemma. 

Lemma 5.5 Suppose Hypotheses O, EZ3 E3] and E3J Let F G C c °°(lR d ) be such that 
< F(k) < 1 for all k e R d and F(0) = 1. We set F R = F(-/R) and F R = F R (D k ), 
where D k = —iV k . Then 

||dT(l - h) 1 ^ = o(R°) + o(a°). (5.29) 

Here o(R°) is a real number converging to as R — > oo, and o(a°) a real number 
converging to as o — > +0. 

Proof: Since $ CT G D^N 1 / 2 ), $ ff G D(dT{\ - F R f/ 2 ). F(D k ) is defined as the bounded 
operator on L 2 (IR d ;K) by 

(F(D k )V(k)Y n \x, k h ■ ■ ■ , k n ) = F(D k )¥ n \k)(x, h,---, k n ), 1 < n, (5.30) 

and (F(D k )^(k)Y°\x, k 1} ■ ■ • , k n ) = 0. Then 

\\dT(l - Fr) 1 ' 2 ^ 2 = [ (a(k)^,(l- F(D k /R))a(k)$ a )dk. (5.31) 
By the Schwarz inequality and Lemma 15.4} it is seen that 

§M < \\N 1/2 ^\\ ( [ ||(1 -F(D k /R))a(k)$ a \\ 2 dk) 

\M J 



1/2 



= WN^jl [ \\{l-F{D k /R)){E-H~uj{k))- 1 p{k)P l { ( t )c7 )^ a \\ 2 dk 

+o(cr°). (5.32) 

Let 9 G L 2 (M d k ; Hsn) with compact support and T G L 2 (Rf; B(H)). Then it holds that 
(Q(kY n \F(D k )(T(k)^)dk 

(2ir)- d J J J (F(Oe(s)^e i€(fe - s) ,(T(A;)^)^)ds^ 
(2vr)- d/2 J j ({3F){s - k)e(s) {n \(T(k)^) in) ) dsdk 
(2n)- d/2 j (&(s) {n) ,(F(D k )T)(s)¥ n) )ds. (5.33) 
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Here J denotes the Fourier transformation and F(Dk) is the bounded operator on 
L 2 (R d k ;B(H)) defined by 

(F(D k )T){k) = {2n)- d ' 2 [ (?F){s)T{k + s)ds. (5.34) 

Jm d 

By (15.331) . we have 

F(D k )(T(k)V) = (F(D k )T)(k)V. (5.35) 
Then by and (ESS}, we see that 
\\dT(l - FtfPQA 

< c( [ IKl-FiD./R^E-H-coik^pik^dk) +o(a°). (5.36) 

\M J 

Here C is a constant independent of a and R. By Lemma 15.61 below, the proof is 
complete. ■ 

Lemma 5.6 [9J Lemma 3.1] Suppose Hypotheses 12. 1[ 12.21 and 12.41 and suppose also 
that w _1 ||p(-)|| G L 2 {R d k ). Then it follows that 

/ ||(1 - ¥{D k /R)){E -H- u{k))- l p(k)\\ 2 dk = o(R°). (5.37) 



Proof of Theorem \2. 7| / Since ||3> CT „|| = 1, we can take a sequence {$ CTn }^ weakly 



converging to some vector $ in %: 

w- lim $ ffn = $. (5.38) 

For all 6 E n and z G C \ R, it holds that 

(6, (F CT „ - z)- 1 ^) = (0, (E an - z)- 1 ^). (5.39) 

Since H an converges to H in the norm resolvent sense, we see that by (I5.39f) and 
Corollary O 

(9, (H - z)- 1 ®) = (9, (E - z)- 1 ®). (5.40) 

Since 9 is an arbitrary vector in H, we have 

H$ = E$. (5.41) 

Thus $ is a ground state of H if and only if $ ^ 0. We suppose $ = 0. Take 
F e C c °°(M d ) be such taht < F < 1 and F(0) = 1. Since r(F R )l [0)A] (^)l [0)A] (F ) is a 
compact operator, we see that 

lim \\r(F R )l [0tX] (N)l [Q , x] (Ha)$aJ = 0. (5.42) 

n->oo 
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Note that 

\\(i-r(F R ))n < \\dr(i - F R y/ 2 n (5.43) 

for all * G D(dT(l - F R ) 1 / 2 ). Then we see that by flCTj) . 
ll^aJI < \\T{F R )$ an \\ + ||(1 -V(F R ))^J 

< ||r( J P fl )l [0iA] (JV)l[0,A]( J H'o)^ n || + 11(1 - l[0,A](#o))$n|| 

+ ||(1 - l [0 , A] (iV))$„,|| + ||aT(l - ^) 1/2 «^ CT J|. (5.44) 

Since sup n ($ CT „, N^ an ) < oo and sup n (^ an , H § an ) < oo, we have 

\\E N ((X, oo))$ n ||, \\E Ho ((\,oc))$ n \\ G 0(A- X ). (5.45) 

Here E N (-) and E Ho (-) are the spectral measures of N and H , respectively. Thus we 
see that 

lim sup ||(1 - l [OiA] (A0)$„,)|| = lim sup ||(1 - l [0iA] (#„))$„) || = 0. (5.46) 

A— >oo n A— >oo n 

By (I5.42p and (15.461) . for an arbitrary < e < 1 we can take sufficiently large < A so 
that 

II^JI < || 1 [0 .A] W l[o.A] ( J H )r(^ i )^ 1| + ||dT(l -^) 1/2 ^J| +6. (5.47) 
Thus by fICTD and (ICTj) . 

lim sup \\&a n \\ < e < 1. (5.48) 

n— >oo 

Since is a normalized vector in H, this is a contradiction. Therefore $ 7^ and 

then $ is a ground state of "H. ■ 

6 Appendix 

Propositions I6.UIST51 below are often used in this paper and well known. Let X and y 
be Hilbert spaces. 

Proposition 6.1 Lemmas 2.7 and 2.8] Let T : X — > y be a densely defined closable 
operator and / G D(T). Then 

(1) 

r(T) a t(/) = a t(r/)r(T) (6.1) 

on F Rn (D(T)); 
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(2) If T is isometry, then 

r(T)a(f) = a(Tf)T(T) (6.2) 

on J fin (D(T)); 

(3) If X = y and / G D(T) n D(T*), then 

[dT(T),a(/)] = -a(TV) and [aT(T), a^(/)] = a\Tf) (6.3) 
on ^ lfln (D(T)). 
Proposition 6.2 Proposition 8-6] Let X = L 2 (R d ). 

(1) Let / be a function such that < f(k) < oo for almost every k. Then \P G 
D^/) 1 / 2 ) if and only if 

/ /(A;)||a(A;)^|| 2 dfc < oo 

and in this case, 

WdTifY^W 2 = [ f{k)\\<k)n 2 dk (6.4) 
Jm. d 

holds. Moreover if / G L 2 (R d ) n L°°(M d ), it holds that 

» oo 

\\dT(f(D)y/ 2 n 2 = / V((a(fc)^) (n) ,/(A)(a(A:)vI/)W)^ (6.5) 

for all \I> G D(dT(f(D)) 1/2 ). Here £> = -zV, and D k is the differential operator 
with respect to k. 

(2) Let / G L 2 (M d ), $ G J r b (L 2 (M d )) and * G Z^iV 1 / 2 ). Then 

($,a(/)*) = / J(k)(®,a(k)y)dk. (6.6) 

Proposition 6.3 [2J Proposition 4-24] and [U Lemma 2.1 i)] 

(1) Let T be a self-adjoint operator with kerT = {0}. Suppose / G D(T -1 / 2 ). Then 
for all * G ^(^(T) 1 / 2 ), 

||a(/)*|| < ||r- 1/2 /lll|dr(T) 1/2 *H, (6-7) 

IMIOTI 2 < IIT- 1 / 2 /!! 2 !!^^) 1 / 2 *!! 2 ^. ||/|| 2 ||^|| 2 . (6.8) 
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(2) Let I G Z, n G N and /« G X, i = 1, • • • , n. Then 

||(iV + l) i a#(/ 1 )---a#(/ n )(iV+l)-^|| ^C^n^iH/ill. (6.9) 

Here denotes a(/) or a^(/) and C nj / is a constant depending on n and Z 

but independent of fi, i = 1, • • • , n. 

(3) Let T be a non-negative self-adjoint operator with kerT = {0}. Suppose that /, 
g G D(T)r\D(T-V 2 ). Then 

\\a#(f)a#(g)n < C(\\T-^f\\ + ||T/||) (||T-V^|| + || T ^||) || (dr(T) + 

(6.10) 

for \l/ G D(dT(T)). Here C is a constant independent of T, /, g and \&. 

Proposition 6.4 [21 Lemma 2-23, Corollary 2-27, Theorems 2-29 and 2-31] Let S and 
T be non-negative self-adjoint operators in X and 3^ with cores T>\ and respectively. 
Then 

(1) S <S> ly and 1# <E> T are strongly commuting; 

(2) S^ly + l^C^Tisa self-adjoint operator and has a core Vi®V 2) where <g> denotes 
the algebraic tensor product; 

(3) It holds that for all * G D(5 <g> ly + 1* <8> T), 

max{||(5 , ®ly)*||,||(l Ar ®T)*||} < HO? <g> ly + l x <g> T)*||; (6.11) 

(4) For a densely defined closable operator A, we denote the spectrum of A by a(A) 
and the point spectrum by ap(A), respectively. Then 

a(S ®ly + l x (g)T) = {\ + fi\\ G a(S), fi G a(T)} (6.12) 

and 

cr P (S g> ly + 1* g> T) = {A + /i|A G ap(5), // G ap(T)}. (6.13) 

Proposition 6.5 [21 Theorem 4-55] 
(1) 

u x>y F bM {x ®y) = ^ )fin (Ar)®Ji, )fin (y) (6.14) 

and 

^,y« # (/ © #)^,y = a # (/) ® 1 + 1 ® a # G?) (6.15) 

holds on J r b,fin(^)®^ r b,fin(3 ; )- 

(2) [21 Theorem 4-56] Let T and 5 be non-negative self-adjoint operators in X and 
y. Then 

U x>y dY{T © S)£/^y = dT(T) g> 1 + 1 ® cfT(S). (6.16) 
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